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The calibration of the water boiler is made in 8uoh a way as to

refer eventually to the multiplication of the primary-neutron source. The

effective number yf of delayed neutrons in the water boiler is found to be

0.7$?per cent. Here f is the fraotion of delayed neutrons emitted on

fis8ion0 and y is the relative effectiveness of delayed and prompt neutrons
—

in leading to further fission. Thi8 gives a value of V2 -~ equal tO /.+.4,

where v is the number of neutrons emitted per fi8BiOne The average time

in the water boiler between fissions due te prompt neutrons is found to

be X22 vs.
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CRITICALITY OF TiiEWATER BOILER, NUM13ER OF DEL&YljDNEUTRONSO AND

EISP&SION OF THE NEUTRON FXISSION PER FISS1ON

1. INTRODWT ION

It wa8 shorn in report W1OI that in order *O determine the

quantity -72 —
(. V, i.e., the average of the square Of the number of neutrons

minus the average number of neutrons per fission,)a knowledge of the quantity

yf, the effective number of neutrons delayed in the water boiler, wacIneeded.

In the following both theory and experiments leading to a value

of yf are described The absolute calibration of the oon’~ol rod on the

vater boiler is described and a value for the quantity ~p, the average time

between fissions due to prompt neutrons in the water boiler, is obtained.

A sqight correction to the value of Y (a measure of the fluctuation of the

boiler) as obtained in LA.101 is reported and a value for the quantity

~-y is given. Some further discussion on the interpretation of the
—

value of $ u ~.is presented.

The report throughout i6 divided into Seotions A and 43dealing with

the determination of absolute oritioalityO and the determination of yf and

Z’p rospeotivelyo

A table df notation i8 appended for the convenience of the render.
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11. THEORY

Before discussing the theory underlying these experiments~ it was

felt that a clarification

with the water boiler was

Let us consider

referenoe to all neutrons,

of the quantitie8 K =d K as used in commotion
P

well advisedo

the water{boiler ina subcritical”statewith

13i.eoO th 8s promptly emitted plus tiose whioh

are emitted delayedO Let us, for the time being$ lump all delayed neutrons

into one group with an aver~ge delay period. Let ~be ~he average number of

neutrons emitted per fission@ that i80 let it be the sum”d’ those emitted

promptly per fission, - 1)which we shall call v
P

, and those emitted delayed
I

per fis8ion, whioh we shall cd~~do Further let us define the conditional

probability Pp as the average probability which a neutron when born promptly

2)has of eventually producing a fission . Also let us define a corresponding

conditional probability Pd for those which are born delayede It is likely

that Pd will be different from Pp sinoe delaya are born at a different.

energyO The ratio pd/Pp shall be denoted byy.

Now let us investigate what happens

of S fissions (or the equivalent of S primary

of a source of neutrons) and we ask ourselves

1
/

when we have a primary source

fissions due to the insertion

what is the number of fissions

i
1) The reader should be careful to distinguish between the use of the symbol

V aa here defined and the symbol w (i.e.e unbarred) denoting the
q~an%ity 1 0 X as WAS used in ourppreviouu report 1A.101.

P’

2) We shall negleot the effect of spatial distribution of fis~ions since if
the boiler is running very near to oritieal a generation of fissions born
will on the average have the 8ame spatial distributiw as the generation
that preoeeded it. - — .—

...

.“’ ---

u
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all consist of the S fissions

promptly, Tilenumber of fission6 will first o!?

themselveeb these in turn will produce S VP

prompt neutrons or S 5P
Pp

fission8; these in turn produoe S(~.Pp)2 fissions

and so on. Iienoethe number of fissions produced by prompt neutrons is

(s 1 +TpPp + (VPP.,J2+ (TpPp)~ --....)
-.

Clearly the”quantity in brackets is what is usually spoken of as the prompt

multiplication. Since the boiler is ~ub~riti~a~~ ~ppp ~u~t be le~~ than

unity and we may write for the number of fissions produoed by prompt neutrons -

the expression:

It is usual to call the quantity ~oPp by the notqtion Kp. Thus the prompt
.

multiplication beoomes 1/(1 - Kp).

Next let us investigate what the multiplication is when we consider

all neutron8, i.e., we wait long enough so that delays

usual situation in the operation of the water boiler.

happens when S primary fissions occur in the boiler.

Of these S fissions S~p prompt neutron8 are

fis8ion8 and also s~d delayed neutrons produoing S~dPd

total number of fissions in the second generation3) is

These in turn will produoe S(~pPp +~P )iiP fi8sions
! ddpp

oan take effeot . the

Let us con8ider what

box% producing S~P
Pp

fissions. Thus the

S(TPPP .t-vdPd)o

due to the prompt

t
neutron8 emitted and S(TP +~dPd)~CPd fis6ion8 due to the delayed neutrons

PP

emitted. Thus the third generation of fissions is S(VPPP ~vdpd)2 and sO

forth. The total number of fission6 produced in the boiler is then

(3)
.—
3) The term generation-as @ed in this case does not imply that all members

of the (n -I-I)st generation are later in time ~n those of the nth genera.

~ ..!?
tion .W?nW61y refers t-a~he Completion of a cycle of reproduction.

—— -
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@--’” ‘—’~~ow-sinoe the boiler is subcritioal~ (ppVp +Pd~d)<lj therefore the”number

of fis6ion8 produoed in the boiler iu:

s
(

1
1 - (PPTP + PfiwdJ)

“, s(~ ) (4)-.-

Clearly then l/~ - (pp~. + PdTd] is the multiplication of the boiler

considering all neutronso It is conventional to write

K-
‘Pp”p ‘Pdvd (9

Ono might digress and note that we may if we wi8h alternately split up the

delay8 into distinct groups each”with a fraction ?$i~d.and a probability

YiPpb then

Our arguments

WCJwi8h write

Let

PdTd = ‘pVd ~ ‘i~i (6)

titillhold Iz8ingthe method as outlined. so that we may if

K=Pp~p+P~Zriyi
pdi (7)

us now return to equation (5) and find the relation between

K and EPO From equation (5)and sinco K = P7T
P PP

(8)

/Let f denote the frection delayed~

{

Td = w
then

(9)xi
P
=T[l-f)

1

(lo)

-- —
~
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K = Kp [1 + fy/(1 - f)] (11)

Expanding and neglecting second- and higher-order terms in f we obtain~

K~ = (1 - yf)K (12)

i.e., the quantity (1 - yf) is a good approximation for the quantity

/[T ‘p +Y;d)> It should be noted that the quantity (1 - Kp) at K =1 is

just yf.

It is evident from the above discussion that in order to determine

anything about the quantity Kp we should first endeavour to obtain the

quantity K for each setting of the control rod.

In order to obtain this calibration the following experiment waa

suggested and carried out.

A. The BoronA3ubble Experiment:

Consider a mock solution that has the same absorption for neutrons

as our real 25 solution but does not give rise to fission~ Imagine that one

uniformly replaces 1/2 the volume of’the boiler with this .mooksolutionO

Clearly only half as many fissionable nuclei are left and the probability

Pp as well a8 Pd is out in half. Sinoe K = Pp~p -1-Pd~dO K

Next consider the boiler running at critical for

rod setting (CR)A. Then a volume flv of the mock solution

uniformly for a like volume of 25 solution~ The boiler is

and”we raise our control rod to the position (CR)B to make

again= By use of Fig. 1u,, we know that the raising of the

also is halved.

a oertain control-

is introduced

now subcritical

the boiler critical

control rod

4) This graph originally appeared in Report LA-13A,where details of its
construction may be found.

.
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examine what ~Xwas produced by the addition of this nook solution before wa

ratsod the “controlrod. Originally k = 1; then we introduoe AV mock solution

leaving only (T. ~V)/Va6 ma~y fissio~ble nuolei a6 before 60 that

%th mook solution .V*.AV
.“-r-- (1~)

‘original = ~

Let

AK=l- ‘tith mook solution

then

Ax = Av/v (lb]

Henoe the conversion from AM in gms of 25 to unit-sof absolute AK has been

established near critical~ if we allow the assumption that in our experi.

mental setup AK is proportional ta AM.

Experimental y,

mock solution uniformly o

of Courso, it it?undesirable to dissolve the

instead it is introduced as an enclo8ed bubble of

volume Av. Its size i8 so chosen that it does not perturb the prevailing

neutron intensity greatly.

We then move this bubble radially and observe its effective~M

in gms of 25 at each position through the oontrol-rod.setting method (seo

Fig. 1). Then we take a volume average of&M and say that this average,

&%, is the equivalent of dissolving the contents of themock! bubble

completely:

‘1
‘2or&Mdr

z=~

J
(15)

. 0

I
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Thus we have a certain A—M for a oertain AK, where

dA K = Vbubbl Vboiler and have e8tabli8h0d the Conversion From now on,

therefore, we may con6ider that we can measure K of any setup on the boiler.

‘Kefirst measure the control-rod 6ettings9 then convert these into AM in

gms of 25 and finally convert L?4 into ~X.

B. The Determination ofyf and~~

As we saw in lA.lOIO and a8 derived on page 7 of this report.

vie essentially want to know the quantity 1 . K at K = 1 or yf~
P

Perhaps ‘

the most obvious method that occurs to one is the following:

If the b~iler is running at a known K and we suddenly introduce an

absorber of a known AK into it. then the neutron.intensity

somewhat as follows:

T
1’
b_._..iL

Fig. A

curve sh~uld look

time
)

The ratio of a to b clearly depends in a simple manner on the effective -

fraotion of neutrons delayed. Thus yf oanbe calculated if we knowtho old

ad new K as well as the ratio of counts a and b. The K we know absolutely

by

it

in

means of the boro~bubble

is extremely difficult to

practice With. say, a BF
3

experixnentobut it turns out that experimentally

establish accurately the ratio of a to b. for

counters it ia impossible to count statistically

APPROVED FOR PUBLIC RELEASE
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I
significant numbers immediately after the kink in the ourre. If -weremember

o that a 0.7-6econd delay period ha6 been found at Chioago~ it is cslearthat
I

an extrapolation to find the intersection b from points further on in time

la a rather dangerous prooedure. Following the general procedure outlined
I

above, several experimentswere attempted by using straight counting methods

with existing BF equipxnent$
3

as well as some with osaillograph camera re=

cording, but all tests w“ereinconal,usivebecm8e of the uuoertainties of
I
I

extrapolatingbaok. They wi13 therefore not be

reportO

Taking oognizanoe of the difficulties

disous8ed further in this

of extrapolating from a

single experiment, it wa8 decided to try to examine’the fast drop in netitron

intensity due to the presence of a piece of absorber by jerking it in and

out with a fairly high repetition rate, such that the delays will not have

time to decay and there will be merely a steady background of delays with

a rapidly changing prompt-neutron intensity superimposed.

If we examine the neutron curve as 6ketched in Fig. A$ we see “

that there should first be a sharp drop corresponding to ‘tiefast period and

then a gradual’one due to the emission of’delayed neut’rons. This fast

4drop will have a period of the order of I& seconds as one can caloulate

from the concentration of the solution (neglecting

run the repetition rate of the jerked absorber too

neutron level can not follow the absorber any more

fast period whioh ia sufficiently long so that it

time to take uognizanoe of the chango in absorber.

. the boiler wi~l thus lag behind.

tamper effects). If we

high it is””clearthat the

since

takes

At a

..—---.-

there is a finite

the boiler somo

high repetition rate

i-”-

*
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If, however, we aro interested ina situation like this:

“- -L - - counts when Cd is out = qc)ut) “

.

eto.

- - -— oounts when Cd is in = c(in)

time --

intensity hardly deoays after the drop we must of necessity havo

not too low a repetition rate. lf a repetition rate existed such that we s

aould fulfill the oonditioziof hitting a sufficiently high repetition rate

ao that tho delayed neutrons form an average background

enough so that no lag oocurs~ then the following simple

and yet run slowly

considerations will

lead us to some expression of a function of time.

‘!Jeagain consider a source of S primary fi88ion8 per unit time.

S is independent of time. Let us denote by l?(t)the number of fissions per

unit time aotually oocurring in the boiler at time t. Let there be Nd

neutrons entering the boiler per unit time consisting of the delays being
.

emitted from pregnant nucleiO In other words, our condition of a sufficiently

high repetition rate means that the quantity Nd is approximately a constant

with time. Thus the ’i’issionat time t oonsists of the S

multiplied llppromptly p~u~ the Ndpd fissi.om cons~ntl~

delays also multiplied up promptly, i.e.9

‘(t)= I+Tw +~pd(t)

1 - Kp(t)

Pal(t) =ypp(t) =Y Kp(t)Ap
Now

primary fissions

being caused by

(16)

.
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80 that

#@--‘(’) =w -‘~ o?)

Sinoe Kp(t) &l, it is clear that the first term of this expression is much the

bfgger9 even if’S = C),S6 that

Mow let us write

at tho time when

expressions for

the absorber is

the absorber ie all the way in.

Constant we

Remembering

yf

get :

(18)

C(out)/C(in), i.e., the ratio of countm

all the way out to c?ountsat the time

the efficiency of the counter is

[19)
c (out)
m ‘+%$%

~,-- O- Yf) K
equation (12)’”woget

1- (c(9ut)/c(i=

1
- 1 ?&Out+ (Kout - ~in)

(20)

This equation (20), however, is only tmue ii’a repetition rate with the

required properties existsO vhioh physically is unfortunately not the oaee

although it is very olosely eo around 20 rpm. Let us now treat the question

of varying multiplication in greater detail.

Before considering the’.problemof varying multiplication let us

first consider

involved. Let

on the fission

a steady stake in order to qtudy more ea6ily the quantities

us call F(t) the fission rate at time tO This will depend

rate at a previous -time*?O First let us oonsider what the

APPROVED FOR PUBLIC RELEASE
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life story of a prompt ueutron is= If a prom@ neutron is emitted at tr

we shall say as before that P i8 its probability of causing a fis6ion at
P

any later time. If now we are interested to know what its chanoe is of

. producing a fission at time t we shall weigh this probability by the function

Ii(t- t~)dt~ i.e.s Pp s R(t . ts)dt is the “probabilitywhich a neutron born

promptlyat time t’ has of producing a fission in the interval dt at time

t* so that ~R(t - t,)dt is normalisod to oneO

Next let us consider a varying multiplioation~ i.e., the quantity

Pp “ R(t=. t?) is a function.~f t and not only of (t - t’). Considering P

and R separately we first investigate PO ‘l’hisP will nowbe a function of’

some average time between t’ and t. However. the fastest variation of our

absorber was 584 rpm~ iOe., one cyole la8ted 6.7 x 10-2 seconds or longer,

Sinoe it will be shown that the average time between fissions is of the

=’=4order of 10 seoondv, it

within the range t.+tt we

amount within thinstimeO

is clear that it is immaterial what average timo

chose since our absorber has moved a negligible

For convenience sake, we shall choose the time

t its:,lfji,e.o we now consider Pp(t)~

Consider now the function R(t - t’) and ittsdependcnoe on t. It i8

true that this function my vary slightly over a whole cyole; but sine’ewe
b

are running alway6 very close to critical this quantity will net vary by

more than perhaps a percent or less. Sinoe in all subsequent equations It

does not appear as a difference term this quantity R[t .=t’) will be

assumed independent of t.

be applied to n sinoe this
.,

It should be noted that such an argument could not

quantity does appear often as a difference ter~,

i.e.~ we have oocasion to subtraot P from KP, so that a few peroent

$--...—---
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variation makes ,alarge differenoeO

NO have como now to a point where we may examine the life story

of a delayed neutronO Let us first study the 8teady state again and for

the sake of mathematical simplicity let us consider the following model:

prompt delayed

● neutron

T
kneutron
I emitted
I from

6
fragment

Fig. C

8

----- -------- - .4 - -
-.- . . - - - - - - -.. --0
Ig
I
I
I
* prompt

neutron

1 1 I time
t9 tn t

Note: t - t’f<<t’l- tQ
●

k%ehavo OUr fission oocurring at time tw giving rise to some prompt neutrons

emitted at to. h addition the excited fragments may givo rise to the

emission of a delayed neutron at time t~i Such a delayed neutron has a

probability Pd of oausing a fission at any later time. We shall again weigh

‘itby some function

probability whioh a

fission at time t.

RB(t - tn)dt such that Pd ~ R9(t - trr)dtiS the

delayed neutron when born at time tn has of producing a

Now we know that the probability of emission at time %1’

- (tn-t ‘)/~i dt’’/ei,
due to a fission at time t9 may be expreseed as e

where ~i is the delay period, Four such periods ~i and their relative

fraotions ri of all those delayed are approxi=tely known to us. The

average delay period shall be ~. We may therefore write that the probability
u

8$--- .
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.

that a delayed neutron due to a fie8ion at time t? will cause fission at

time t 5.8:
1 1

‘e-(t’’-ti)/~i dtW/~ ~ Pd o R’(t . t“)dt. If we examine the

relative magnitude of these quantities we t:otethat Ti

the order of 10 seoonds so that any extra effect due to

i8 on the average of

the function R~ whose

4deoay is in the 10 seoonds is entirely negligible, i.e.~ for thi8 purpose

From now on we shall call a. =1 l/T ~o

Fnr varying multiplication we go through tho saxw reasoning con.

cerning pd as we did for the case of Pp so that we ohoosa pd(t)o }Yeshall

further assume that Pal(t)is independent of the particular delay period

that is. it is independent of i.

We are now ready to write down the equation governing.the variation

@“fF(t) in the case of our experiment and under the limitations as explained:

J
t +t’)”iaidtpd(t)

F(t)dt =Sdt+ t F(te)dt’$Pp(t) R(tb t’)dt”&
J

F(t~)d~~die
i-

-*
(22)

The term on the left of equation (22) is the number of fissions.

ooourring at the time t in the interval dt. This will be made up of the

following three terms: I) the shady primary fissions Sdt~ II) those fissions

at time t which are initiated by prompt neutrons that have been born at

tinetq isinoe to oan occur at any previous time to t we shall integrate

from -@to t; 111) tho6e fissions at time t whioh are initiated by delayed

neutrom which in turn are due to fissions at time t’.

+-%
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8U all such processe8 we integrate from -~ to tO If we divide through

by dt, u8e equations (8) through (12)8 and call ~di = ri~d we get:

f J

t
F(t) =S +(1-yf)K(t) F(t’)R(t-t’)d# +yfK(t)Z airi F(t~)e-(t-t’)aidt~ (23)

-w i -w

f’

t
let U8 now examine tho quantity F(t’) R{t - tv)dt more closely, Se-t

J-m
t=t’=xJ then the integral becomes

J

cd
F(t - x)R(X)dx
o

expanding F(t - x) in a Taylor series around

l% .& r@

t we get

I F(t’)R(t-t’]dt =F(t)l-R(x)dx -F?(t) lx.R(x)dx+?~- [%@ix---- (24)
J -co do Jo

cJo -

By definition of the function R8 the integral
r

R(x)dx ia unityj it is also
o

J

@
clear that the physical meaning of the next term, namely; Idl(x)dx,is

o
merely the average time from one fission to the next due to prompt neutronsO

We shall denote it by the quantity ‘$. The next term, namely,

[F’s@)/~~&2 ( )x R x dx is of order (~ )2 and since from physical arguments we
o P

know that~’ is of the order of 10-4 seconds we shall neglect this second
,

term and all higher terms. Collecting aow the two terms in F’(t)we may writes

( 1 JtF(t) 1 -(1-yf)fi(t)=S- -(t-tf)aidt,
(1-yf)l!(t)l”(t)~p + K(t)yf Z airi F(t’)e

i -00
●

. (25)

‘fhisequation (25) is essentially our fundamental equation. Let us now Solve

equation (25) considering various speeds of F(t). which we shall con%ider as
.

having an angular speed @O by two different znethods8i.e.9 the reproduction

znekhod(case I and II) and the direot analysisO

?
.

.-
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TREATMENT OF EQUATION (25): REPRODUCTION Mh7HOD

Case 1: If ti~~l~ i.e.O we run at a high repetition rate (e.g., our

experimental 88&rpm case) let us examine the various terms on the right of

equation (25). Term I, i.e.. S, will be a,8mall constant term if we run near

ariticalo with terms II and III outweighing it by far since the number of’

primary fissions is very small oompared to the number of’fission8 ocourring in

the boiler. Term I denoting the contribution from promptly caused fis~ions

oannot be simplified. In term IIIwe note that if the function F(t’) has G high

-(t-t’)a has ~rd~yd~ayd during a CYoleirepetition rates the quantity IS

thUS@ term III ia essentially a Oonstant which wo may Oall 8dq0

mathematically our physioal situation of a steady background of

Combining Sd* + S ‘Sd we make equation (25) read;

F(t)~ - (1-yf)K(t)] =Sd-F9(t)~pK(t) (l-~f)

Sinoe K(t) (1 . yf)=l we may write

F’(t)~p + F(t) [1 o (1 - yf)K(t] = Sd

$ime this is a linear differential equation of first order9 it

grated and yield60 considering our periadioity conditions:

It expresses

delaya.

(26]

[27)

may be lnt~

F(t) [ Jr- t l*$Q” ‘t t + o 1~1*%$~ ‘~ ~t “@J
= (SdAp) e o e

-00

Now let us mention that experimentally, an discu88ed on page 2’70we really

measure the quantity F(t)/F(t + n) and are thus not intcrested in ab601ute

values of F(t). Our lack of knowledge of the quantity S is therefore no
d

handioap. If we ohooso the correot yf and ~p we should be able to reproduoe
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-..ea curve of F(t)/F(t + n). This trial-and-error

..~~nodof reproducing F(t)/F(t + ~) is thus one way of establishing yf and ~p

from the 8&rpm data.

Case 11s ~~d-is comparable to one and delay terms can no longer be set.

oonstantj d80,d~p<< 1. Such cases are given experimentally by our 20. and

1550rpm oases. Sinue we are very near oritioal we set S = 00 Sinoe

@~p<<l ‘e ‘y aa a first approximation set F~(t)$ =0 so that equation (25)
.

* -(t-t’)a.

I?(t’) e ‘dtt
-OQ

Let H(t) = K(t)yf@ - (1.yf)K(t~

,- -(t-t’) a.
then

f%

F(t) =H(t) L a~r4 I F(t’) e 4 dt” ●

so that if we choose an appropriate yfO

reiterate F(tv) whioh converges rapidly

.
i “ ‘J. ao

i.e., the right H(t). we oan

if we assume the values of a{

(29)

(30)

and

&i known from,previou8 measurement at Chicago,

Note that if we simplify H(t) by setting K(t) in the numerator

equal to 1, and in the denominator if we write K(t) is equal to 1 + OIAM

then we get

H(t)=
yf

3 . (1 +OIA.M)(l - yf)

where c1 is the conversion factor from AM in

known from the boron-bubble experiment. Since

may write

H(t) = Yf &x

...-,, *a

gms of 25 to AX supposedly

both 01 and yf are small we

‘e
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0
thus if we express yf in terms of gms

.

~~—

of 25 the function H(t) becomes indepen-

dent of O1. The whole iteration prooess thus beoomes independent of cl.

If we wish to improve on equation (30) let us ow?ry out a few

iterations of Fn(t) and write for F(t) by using equation (2’?18ettiW S = O

again.

‘J

t -(t-t’)ai

F(t)p-&yf)K(tj = -(1-yf)K(t)Fn’ (*)$ + K(t)yf Z airi Fml(t’) e dt9

i -e
{32)

ioeoo.

/

t -(t-t’)ai
F(t) ={-H(t)/yf + H(t~ F’n(t)~p + H(t): airi Fn-l(t’)* dtI (33)

-m

50 that

F(t) = [- H(t)/yf + H(t~ F’n(t)~p + Fn(t)

Sinoeyf is of the order of 10”2 and H(t) of the order 1

F(t) =- (ii(t)/yfjF’n(t)’$ + Fn(t)

Thus

F(t) =Fn@ -.Ii(t)r/yg (36)

as oan be verif~ed by expanding the right side of this equation (36) in a

Taylor series and neglecting higher terms. In other worde, we applya small

phase shift to the curve obtained by reiterating F(t) without the correction.

It is permissible to app~y t~6 correction at this late stage~ applying it

throughout wuuld~ of oourse, only

This method may be used

●

(1+)

(%)

yield an additional .seoond-ordercorrection.

to reproduoe the correot F(t)\F(t + n)
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~or--aparticular value of yf and~ SP
and this theoretical curve may bo

oompared with the experimental curve. This, then. is a method of determining

yf from the 2& and 15+rpm curve by trial and error of a particular value of

yf o It ia clear that einae~p enters only as a correction, tni~ method will

not determine the value of ‘~
P
8inc0 it is entirely insensitive

TREATMNNT OF EQUATIOi\(25): L)IREOTAMALYSIS OF EX.E%RIMENTAL

to it.

CURVES

Aosume for a inomentthat the experimental curves for F(t) at 8

known @ are given.

Recalling our fundamental equation (25) which reads:

Now set S =0 since we are at critical. and rwrite as

F(t)& - K(t)~= -F(t)yfK(t) - (1-yf)K(t)F’(t)~p WfK(t)2 airi
i.

Next express F(t) as a Fourier series. i.e..

*i@nt
let F(t) =X ane

n

Henoe

(38)
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●
and apply Fourier’8 theorem to equation (39) and change sign on both sides we

get

.-

J

.iwxt
*~K(t) - ~F(t) e dt

~

=yf + (l-yf)ti~p -yf ZD (un)

‘&) F(t) e
.i~nt

dt n
(40)

Thus a complete knowledge of F(t) and D(@n) would enable us to find yf and~p.

An additional simplification is te set K(t) = 1 in the lower integral and

set K(t) = 1 + clAM(t) in the upoer one where c1 again is the oonvert?ion

factor from AM in gm of 25 toAII, suppoaedly known from the boron.bubble

expor iment. Equation (36) then becomes:

Pao
., I>M(t) l?(t)e-iontdt

How axpressing

dt r

both~M(t) l?(t)and F(t) as ~

we got

“1

n

!!?u&2L
An . iBn

}

= yf + (1.yf)iun$ .yfD(m)

to

[40 “

(42)

(43)

04’u
.

Separating into real and imaginary parta

we get from the real part:

and setting D(@n) = dr(on) + i d8(n)

= yf .=yfdr(on) (45)
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and from the imaginary part:
.

.22.

(M)

This method ha8 the add6d advantage that the final equation8 sontain @l as a

dirsat faotor and thus any error that’may be made in 01 shows up as a dire@

factor inyf OrTpj thus both can be expressed as gram equivalents of 25

independent of tha value of 61.

The only drawbaok to thi6 method is that experimentally

F(t)/F(t + ~) is know and not F(t). If we call F(%)/F(t + fl)=X(t) it

can however be verified that it ia a good approximation to say tl?at~

provided the modulation of F(t) is shallow. By means of using=)

in this method we can thus get very nearly oorreot values of yf and~’
P

from different speeds of~. This will give a good starting point for tho

assumption of a yf and~ in the more complete reproduction met~od as.described
P

,
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111. EXPERIMENTAL SEZWP

A The Boron.Bubble Experiment

.

The mock 801Uti0n consisting of an appropriate mixture of’depleted

28 sulfate and H BO in water was prepared by G. FriedlanderO Our thanks aro
33

due to him for carrying out this chemical vmrk and also for his kind assistance

in the experimental work itself.

In Table I will be foupd a tabulation

solution as well as the regular 25 solution and

composition of 25 solution was the same as that

fluctuations aa reported in I.A.101were made~

The bubble itself wa8 made by joining

of the composition

the crom aeotions

of the mock

used. This

used when the measurements on

the hemispherical ends of tvm

centrifuge tubes by means of Duoe oement and by filling them with normal or

mock 60Up respectively by the use of a syringe after which the small hole

was again sealed by the u8e of DuoeO This bubble was attached to a long lucite

rod so that the bubble oould be submerged into the actual sphere and 80 its

position from the center of the sphere was known accurately The bubble

aould be moved along the entire vertical diameter of the.sphereo

First a bubble of volume 14073m containing 19.85 gms of normal

25 solution was moved along the radius and the oontrol rod adjusted at eaoh

position suoh that the ‘miler

prooedure was repeated witha

mock solutiono The volume of

from p.-eviousmeastaresmntsb

B.The yf and~p Experiment:

,.

was running oritioal againO Then this

bubble of volume 15017 00 containing 19.80 gms of

the sphere proper was known to be 15 liters

The concentration of Z?jsolution in the boiler when this experiment

—-———
=~’
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wae carried out was identical with that at the time the boron-bubble &xperimsnk

was carried outO

Fig. 2 shows the $etup~ The ab80rbero a pieoe of Cd, labelled A

in Fig. Z?moved horizontally in and out US a slot in the tamper. It was

moved back and forth by meane of the conneoti.ngrod attached to wheel B.

The wheel was driven by a motor which could drive the wheel at several pre- 1

deterininodspeeds. The control rod was so adjusted that the boiler was critical I

when the absorber WM moving baok and forthO

Counts were taken by means of a W chamber (active volume0520 ca
3

and pressure 6001 em of Fig)which was located outside the tamper and was

surrounded by paraffin. It was connected to the discriminator through &

preampl.ifiero The disorimi~tor W6 permanently hooked up to scaler No. 3,

whioh thus counted total

In addition, a

.C?veronly a 12° interval

number of pulses from the BF chamber.
3

mechanism for recording counts from the same chamber

of the Gyole was available as follows: the light

source L.S. wa6 focused through a len~ and mirror ‘ata point ju8% in front

of eaoh of the two phototubes sa that a shutter fixed to the rim of the wheel

B oculd cut off the light

Let us consider

shutter passes. When the

sharply for 12° of the cycleo

what happens for instance to phototube 1 when the

light is cut off in phototube 1 it actuate8 the gate

cirouit No, 1 which lets pulse8 from the discriminator pass through to 8calor

No. 1 a8 long as the light is Off. i.e.e for 12a. The equivalent happens

1800 later with oircuit NO. 2.

The 8hutter could be moved along the rim of the wheel so that the

circuits were aotuated with a oertain phase lag or lead with respect to tho

motion of

had made~

the cadmium. Tubes 1 ani 2, however~ were still actuated 180° apart.

Scaler No. 4 served to oount the number of revolutions the wheel E

i.e., how many cycles of motion the oadmium had oompletedo
—.*=C -
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We EXPERI:WW!ALRL5ULTS

●
A. Boro-Bubble Experiment

When the bubble containing normal 25 eolutioa was moved along the

radial position no ohange

reading as noted in Table

in criticality could be deteoted. The oontrol-rod

II ma ?<,l~Oinches. This showed that the lucite

rod and the shell of the bubble presented negligible absorption Thus the

fact that the volume of the mook bubble

25 bubble did not affect our work.

was not exactly that of the normal

The effeotlof the mock-solution

criticality is tabulated in Table 11 and

carried out. The results are plotted on

bubble on the control position for

tho conversion to A’gmof 25

Fig. 3. ~~enote that the ourve is

very 8ymmetricalo From this curve wci

J-----
r
~AM r2dr

m=
~r2dr

M is to be considered that

compute by means of equation number (lb)

= 1098 gms of 25

we assume that the volume of

(15)

the boiler is

co or so ofjust lb liters. Actually. of course, there are an additional 400

solution in the pipes leading to the sphere. How active this amount of

somewhat doubtful; measurements of criticalness versu8selution ie, is

solution level in the larger pipe indicate that less than a percent of this

volume might effectively be added to the 15 literso

viehave a68Umd so far that dur mack solution really matches perfectly

but let as examine this question in more detail. In order to see how well

the absorption of the mock solution matched that of the normal 25 solution

we turn now to an examination of the composition of the two solutions as given

.
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k Table 1. To obtain tho absorption uross sections we used thermal cross

aeotiona aa indibated except for the boron aros8 sectione Let U8 examine

the effectiveness of boron as a substitute for 2jo and let us assume that

+$/2
we have a spectrum that follows the E law and then joins onto a constant

thermal one. /2That the E-3 law i8 valid comes from the faot that we deal

‘ith ’500
and can almost oonsider the higheroenergy speotrum to be one

of pure hydrogen. To test the assumption of a oonsttintspectrum at thermal ‘

energies we calculated what

with peaks at 200°1S,300°K,

gave only a change pf 4 per

the effeut of assuming-a Maxwellian distribution

and ~OOOX weighed by the GV of B would do~ ‘l’his

cent over the whole range fro-m200*K to 400°K

since the cv of B has too shaliow a slope at thermal energies ts give any

~rked eff#) ~ This gave confidence in the assumptions made wi~kh resulted

inan answer stating that the effective B aross section as compared to that of

25 would have to be raised by 20Ljper cent beoause of the high.energy effeots.

In this way the term “effective cross seotion” for boron in Table I is’

explained

Using

Mxk Solution

.

these cross seotions one obtains the following results: +.,

Scattering Cross $eotion Absorption Cross Section

(

~=e

per 00 per cc ~~ltz~

3.034 om2 0.0893 am2
(

l!ormal25 Solution 300& cm2

Ratio: 00997

0.0905 om2 -

00987
)

5) See LA-l&O, graph fj~
.—.—
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We see that the scattering cross seation is almost the same~ and any

effecte due to it may be negleoted. As far as absorption goes, our bubblo

was less effeotive than it should have been~ consequently it gave lower valuea

of AM. Iieuce

~corre=tad = 1.98/0.~97

The M by equation (L!+)

M =

is

Volume of bubble
Volume of b~iler

=2.00 gms of 25

.

with the same uncertainty in the volume of the boilers

Thus we get that~

$ glaofq

1 gin9f 25

i.e.O calling the

is equivale.utto 1.01 x 10-3/2.00 units of

= ~oo~ x 10”4 M

conversion factor 01 :-.

‘1 =5.05 x 1(+ AK/gin

B. Theyf and ~p Experiment

Fig. 4 shows the effect of the Cd at variou~ statio

gms of 25Yequivalent. This enables us, using the conversion

establish K for each position of the Cd sheet.

ax

position6 in

Factor a10 tc

The actual quantity measured during a run was the ratio of counts on sM~-

er 2 to those on scaler 1 which m. denote by X. ‘he gate cirouits we= calibrate

by a pulse generator before and after &ch run to check the ratio of gate 2 to

gate 1. All data were aorrected by the average of the correction factor

before and after the run. Note that by taking the ratio X over onlY

~d’

.0

v
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the oyele we oould obtain the X$s !J----or the rest of the oycle by u.=ingThe

measured value and plotting the reciprocal 180° further on.

OaFigs. ~, 6and 7 results for speedsof 20, 155, and 884rpIn

respectively are plotted. The probable error was calculated from the

statistical Poisson error whioh was multiplied by the appropriate quantity

X6)
te allow for fluctuations. !!h~curves are the best curves through the

experimental points.

A simple evaluation according to formula (20)n assuming that 20 rpm

is the necessary ideal speed, yields yf =0.00760

Next, all data were first evaluated

mental harmonic==analysi.smethod~ A 12.pointi

sohome of Runge7) was performed throughout.

according to the direct experi-

analysi.saccording to the

Only the first harmonics were

found te be of use ainoe the experimental results were not accurate enough

te yield significant results from the higher ones. The function D(tin)

waa computed in two

the data of Nagle9)

delayed neutrons as

8)
ways: 1) by using the data of Snell

co.noerning the peri~~i and relative

fO~10W8:

Snell = S Nagle = N

Yi ri Ti

6w% 2) by using

fraction ri of the

.

‘i

Oo~ seconds 0.167 1.6seoonds 0.43.4

6.5 n 0.620 605 “

34 “ 00188 32.5 n

003$0

0J?40

6) See M-101 for explanation and evaluation of Y.
7) See Scarborough, Numerical Wthematical AnalysiG,
8) Communication’from Fermi
9) See Cp-2317

pago 396

-.

.
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This yields the following valuesz

.. ....—. — ——-

Speod in rpm 20 155

H

881&

yf ingma S;N s
i— *
I

s
IN

15,52 ; 14.86 15.22 ~ 15.15 13027 ~ X3=27

Let us first examine the 20. and l~>rpm casoso In order te see how much of

a correction this method neededn an arbitrary value (yf = 14075 gins)was

ohosen and the reproducti.o-methodCase II applied. This yielded the curve~

shown in Fig8~ fjand 6 using the Snell and Nagle delay data~ respectively.

Theso curves were then subjected to tho difect harmonic-analysis method and

a yf extracted as follows:
—..

Speed in &pm 20 Yjfj
..

s N“ s N

yf extracted W76 14.44 14.11 l&12
.,

correction factor 100 10022 10045 %oob~ 1
..\
. .

It ia seen that the yf obtained by the harmonic analysis is too low or too

hig~~ the correction factor ia then obtained in the 2&rpm Nagle case for

instance by saying that ~heyf should be multiplied by 1407Lj/140~ = 1.022

thus obtaining an appropriate correction factor. Any finer correction would

have been out of place since for instanoe our resolution is only 12° of a

CYOIQO This gives the following correctedyf values:

Speed in rpm 20 155

N s N

Correctedyf in gma 15.52 15019 15090 15083

~-

&

———
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For the 88&rpm case, application of the reproduction-method Case I

showed that the curve was very insensitive to the value of yf. Ayf of

13c27 gms as obtained from the direct analysis of the experimental curve

~s well as a yf of l&~5 ware tried. Both lie well within experimental error,

aa shown on Fig. 7, (both curves are calcuhted with~ = 222 microseconds
P

= 5;05 x 10m4 AK/gins)showing that at this high speed the curves areand (al

very insensitive to yfj we skll~ therefore, not weigh in this result~

The’Z’pon the other hand can b? obtained from the 88&rpm curve with

some accuracy since the phase lag is large giving

I?p= ‘122 microseconds
o

The curves for both 20 and 155 rprnare extremely insensitive to the

value of~
??’

as is physically clear f;om the s=lI phase shift, and thus

give no useful results for ~po

The yf as averaged from the 20. and l~~rpm data using both ?:.):)11

and Nagle delayed-neutron data ia

yf = 15.6 gms equivalent.

iOeOO if c1 = 0000050~M/gma yf =0.0079.
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V. DISCUSSION OF RESULTS——

The value of c1 should be ft~irlygood and applicable to the case of

tho yf and
‘%

experiment since the concentration of 25 in the boiler was

identi.oal. Thus no change in c1 due to that offeot is expected. ‘i’hecross

scmtions used are known to within a few percent and bettero ~

In the yf and ~p experiment it ,oanbe seen that

be expected. If, however, we take the value ofyf =0.79

value we may draw the following conclusions:
.A\

larger errors must

per cent ratface

JwMlming”y = lo3&!)we get f = 0061 per cent which is in gcod agree=

ment with values previously measured at ChicagoO

From 1A.1OI we

p.

Y was found to be 4.17’.

see that

T=Y(TJ2 (yf)2A

●A preliminary value of e = 3.69 x 10-4 was given in

o LA.0101. Since thena better value of the efficiency of the 25 chamber
11)~s

been obtained giving the BF -ohamber efficiency as c = 3.51 x 10°4.
3

If Vfa

take ‘;to be 20479 then ~
P
=~ (1 Q f) = 2047 ● 009939 = 2.45. Hence

It wuldbe a mistake te infer anything very definite regarding the actual

nuniber”ofneutrons emitted from each fragmento Surely the limit of error
,

is large enough soaG not to exclude the possibility ~- ~=~~ i.e., an

even split between two and three giving a

0

10) Obtained by using Chicago data oh the age in water.
10-7”aounts/fissionwas given. The11) See M.1OI, page 11, where e =2.*x

value should be 2.42 x I(Y’7counts/fissionO

.

I
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●
It is also not fair to deduco anything regarding the question of

immediate versus evaporated emission of neutrons on fission. It can be

shown that if one assumes thut neutrons evaporato from each fragment, i.e.~

1.25 neutrons per fragment orIthe average, wo ‘get Wlues of V* - ~ wry

close to those expected from direot splitting.

—2The value of w . ~ should thus be used only as an entity in

itself for such calculations as the probability of predetonation where it i8

needed.

The value of~p =122 microsecond is interesting as a differential

quantity of the particular water boiler sizx)eit confirm~ theoretical

calculations as to its order of magnitude.

-—. . . .
r --
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TABLE Z.

A. Boron-Bubble Experiment
#

Composition of Mock Solution

aud of Normal 25 Solution at

T9Q c

3No. of gq/am Absorption
Element

Scattering
Crose aeotion Cross seotiou

used used

in normal 25 in mook barns barns
solution solution

.

25 0,,03878 0.0000933 65312) 8.2

28 0.2256 002257 2.56

B none 00003593 721
13)

.

H 0.1172 001168 0,3 ‘ 4

0 0.9307 0.9308 000015 l!02

s 000357 0.0304 0.47 1:,5

.

12) SeO L&158
13) Effective cross sootion inoluding effect of higbenergy neutroti, page 26.

,’
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TABLE II

A. BorokBubble Experiment

Vertical Radial Position of
Bubble from Centerof Sphere

inohes

.+025

-3*75

-2075

- e75

+ 625

+1.25

+2.25

I&AYj

+5.25

-..

Control=.RodPosition for
Critical.ity with Bubble
at Indicated Position 14)

inohes

90760

100468

H0652

11.965

12.000

90270

—.-. .. .. . . . .*. . .. .

Equivalent AM of 25 15;

grama

=-1056

=4 093

-2.55

.D3010

-3mcj8

-3e87

t=3090

-30f59

-3028

-2.73

.=2019

=-1053

L!+}Control-rod position for criticality without bubble: 7.130 inche8.
15) Computed from difference in control-rod settingby use of Fig. 1.

/ “--z

●
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TADLEOF NO’J!AT30(;

An = cosine coefficients in the expansion of A ~ (%) F(t)

Bn = 8ine coefficients in the expansion of h M (t) F(t)

c (out)

01 =

D(mn)

%=

d~ =

f=

F[’c)=

H(t)=

K =

K=
P

Ln =

%=

z%?=

‘d =

P& J=

‘P =

s counting rata at time when the abosrber is all the way out

AK/g. ef 25

real part of D(Qn)

imaginary part ofD[@n)

fraction of neutrons delayed

number of fissions per unit time oocurrhg in the boiler at time t

‘p ‘p + ‘t “d

VP
PP

sine coefficients in the expansion of F(t)

cosine coefficients in the expansion of F(t)

average grame of 25 equivalent of boron bubble

number of neutrons entering ::teady=stateboiler per unit time
consisting of the delays being emitted from pregnant nuclei.

average probability whioh a neutron when born delayed has of eventually
producing a fisoiou

average probabili~ which a neutron when born promptly has of eventually
producing a f~ssion

R{t- t’) is defined so that P o 11(~- t’)dt is the probability which a
neutron born promptl$ at time t$ has of producing a fission at
time t.

.
—-=—

-7-.

.

,.

. ..4(
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Ro(t = t“) is defined so that PA 0 R’(t - t“)dt is the probability which a
delayed ntmtron when-born at time t“ has of produoing a fission
at time tg

relative fraction

number of primary

Sdu +s

rt

of total delay6 with period iO

fissions in the boiler

-(lbt’)q

K(t) yf~ ar
J

F(tl)e -
iii-w

‘dt9

if F(t’) has a high repetition rate so that the quantity has

hardly deoayed during

volume of the boiler

volume of the bubbls

l?(t)/F(t + q

~ -(=)2——.————- 1 where
r

LA-101, page 9

dri

ratio pd/pp

coun%a/f’i6sion;i.e..

a cyole

o is the number of oounts per gateo See

efficiency of chamber

average number of nqutrons emitted

average number of neutmona emitted

average number of’ neutrons emitted

‘i ‘d

sC@
x R(x)dx~ ice., the average tine

o

~CI~ fi68iQm

promptly per fission

delayed per fission

fron one fission$ emitting

prompt neu%ron~~ to the next fiesion due to these prompt neutrons

delay period of a olaas ~f delayed neu
,.,

average delay period

angular repetition rate of the cadmium in radians per second

..._....-,,.

u - --——’ ---—-=—
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B) IWE Y-f AND Tp EXPERIMENT

Top view
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‘he
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